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We introduce a cylindrical cloak to control the bending waves propagating in thin plates. This is achieved
through radially dependent isotropic mass density and radially dependent and orthotropic flexural rigidity
deduced from a coordinate transformation for the biharmonic propagation equation in the spirit of the paper of
Pendry et al. �Science 312, 1780 �2006��. We analyze the response of the cloak surrounding a clamped obstacle
in the presence of a cylindrical excitation. We note that whereas the studied bending waves are of different
physical and mathematical nature, they are cloaked in many ways as their electromagnetic and acoustic
counterparts; e.g., when the source lies inside the coating, it seems to radiate from a shifted location �mirage
effect�.
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The theory describing the flexural motion of thin homo-
geneous plates is well established and can be found in many
classical books �see, e.g., Refs. 1 and 2�. In contrast, it only
gave rise to a handful of research papers on scattering of
flexural waves,3 owing to the fourth-order derivatives in-
volved in the governing equations �requiring a special nu-
merical treatment to take into account additional limit con-
ditions compared with acoustic wave equations�. Moreover,
analysis of flexural waves in structured plates is even less
well studied. In 2007, Evans and Porter4 presented the first
analysis of the propagation of bending waves in a doubly
periodic array of rigid pins in an infinite thin plane. The same
year, Movchan et al.5 gave a detailed analysis of the band
structure �Floquet-Bloch spectral problem� for the bihar-
monic equation in a doubly periodic domain of circular holes
with either clamped or stress free boundary conditions.

In 2006, Pendry et al.6 and Leonhardt7 independently
showed the possibility of designing a cloak that renders any
object inside it invisible to electromagnetic radiation. This
coating consists of a metamaterial whose physical properties
�permittivity and permeability� are deduced from a coordi-
nate transformation in the Maxwell system. The anisotropy
and the heterogeneity of the parameters of the coat work as a
deformation of the space around the object we want to hide
by bending the wavefront around it and enabling waves to
emerge on the other side in the original propagation direction
without any perturbation. The experimental validation8 of
these theoretical considerations was given, a few months
later, by an international team involving the former authors
who used a cylindrical cloak consisting of concentric arrays
of split ring resonators. This cloak makes a copper cylinder
invisible to an incident plane wave at 8.5 GHz as predicted
by the numerical simulations.

In the same vein, Cummer and Schurig9 analyzed the two-
dimensional �2D� acoustic cloaking for pressure waves in a
transversely anisotropic fluid by exploiting the analogy with
TE electromagnetic waves. Torrent and Sanchez-Dehesa10

subsequently investigated this cloaking for concentric layers
of solid lattices behaving as anisotropic fluids in the homog-
enization limit. Using a similar approach, Farhat et al.11 in-
dependently demonstrated cloaking of surface liquid waves
using a microstructured metallic cloak which was experi-

mentally validated at 10 Hz. Quite remarkably, Chen and
Wu12 and Cummer et al.13 noticed that a three-dimensional
�3D� acoustic cloaking for pressure waves in a fluid can be
envisaged since the wave equation retains its form under
geometric changes.

However, Milton et al.14 showed back in 2006 that the
elasticity equations are not invariant under coordinate trans-
formations, and consequently that if cloaking exists for such
classes of waves, it would be of a different nature from its
acoustic and electromagnetic counterparts. Indeed, the equa-
tions governing the propagation of elastodynamic waves
with a time harmonic dependence are written �in weak sense�
as

� · C:�u + �0�2u = 0, �1�

where �0 is the �scalar� density of an isotropic hetero-
geneous elastic medium, C is the rank-4 elasticity tensor, �
is the wave angular frequency, and u�x1 ,x2 ,x3 , t�
=u�x1 ,x2 ,x3�e−i�t, where t is the time, the associated three-
component vector displacement field.

Milton et al. noticed14 that under a change in coordinates
x→x� such that u��x��=A−Tu�x� with Aij =�xi� /�xj, Eq. �1�
takes the form

�� · �C� + S��:��u� + ��
=

�2u� = D�:��u�, �2�

which importantly preserves the symmetry of the new elas-
ticity tensor C�+S�. However, this transformed equation
contains S� and D�, which are two rank-3 �symmetric� ten-
sors such that Dpqr� =Sqrp� and �pq� is a rank-2 tensor whose
expressions can be found in Ref. 14.

In this Brief Report, we show that a heterogeneous ortho-
tropic cloak can be performed via an anisotropic Young
modulus E and a radially dependent isotropic mass density �
to make an object surrounded by such a coat neutral for
flexural waves in thin elastic plates. Thus, although Eq. �2�
suggests that cloaking by coordinate transformation cannot
be applied, in general, to elastic waves,14 we demonstrate
that the specific case of thin plates leads to an opposite con-
clusion.
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The equations for bending of plates are well known and
can be found in many textbooks, such as those of
Timoshenko1 or Graff.2 The wavelength � is supposed to be
large enough compared to the thickness of the plate h and
small compared to its in-plane dimension L, i.e., h���L.
In this case we can adopt the hypothesis of the theory of von
Kármán.1,2 The displacement field u solution of Eq. �1� is
U�x1 ,x2� in the x3 direction �along the vertical axis� and we
further choose to work in cylindrical coordinates.

Following the proposal of Pendry et al.6 to build an elec-
tromagnetic cloak of interior and exterior radii a and b, we
now consider the change in coordinates x= �r ,� ,x3�→x�
= �a+ �b−a�r /b ,� ,x3�. With all the above assumptions, we
find that the out-of-plane displacement u�= �0,0 ,U��r ,���
solution of Eq. �2� is such that

� · ��−1 � �� � · ��−1 � U���� − �−1	0
4U� = 0, �3�

with 	0
4=�2�0h /D0, where D0 is the flexural rigidity of the

plate, �0 its density, and h its thickness. � is a diagonal rank-2

tensor and � is a varying coefficient of the material, a case
encompassed in Refs. 1 and 2.

Physical considerations based on dimensional analysis
lead to the following choice:

� = E−1/2 and � = �−1/2. �4�

Cloaking further requires that

Er = � r − a

r
�2

, E� = � r

r − a
�2

, and � = 
4� r − a

r
�2

,

�5�

where 
=b / �b−a�; a and b are the interior and the exterior
radii of the elastic coat of thickness h. Then, in cylindrical
coordinates and assuming that U�=	n=−�

� Un��r�ein�, the equa-
tion satisfied by Un� is written as

�r
�r − a��r� 1

r − a
�r��r − a��rUn�� −

n2

�r − a�2Un��

−

n2

r − a

 1

r − a
�r��r − a��rUn�� −

n2

�r − a�2Un�

− �r − a�	1

4Un� = 0, �6�

which is the cylindrical expression of the corresponding
fourth-order equation in anisotropic media with the variable
r−a and where 	1=
	0. This equation presents some simi-
larities with the wave equations governing the acoustic and
electromagnetic cloaks in Refs. 13 and 15, which were de-
rived from the coordinate transformation introduced for elec-
tromagnetic waves in Ref. 6: the cornerstone is always the
radial contraction r�=a+r�b−a� /b. The radial shift from r to
r−a in Eq. �6� can actually be seen as the bottom neck of the
cloaking mechanism. Whereas Chen et al.15 performed a
spherical harmonic scattering for the 3D electromagnetic
cloak which is governed by a Riccati-Bessel equation, and
Cummer et al.13 obtained an acoustic solution in terms of
spherical Bessel and Hankel functions Jn and Hn

�1�, our flex-
ural wave solution is a combination of cylindrical Bessel and

Hankel functions Jn and Hn
�1�, as well as their modified coun-

terparts In and Kn, owing to the fourth-order nature of the
biharmonic equation, which we can split into two coupled
Helmholtz and modified Helmholtz equations.2 The argu-
ments in the special functions are either 	0r or 	1�r−a� de-
pending upon whether we are outside or inside the coating,
and taking into account their singular behavior at the origin
as well as outgoing wave conditions leads to a linear alge-
braic system. We note that in the derivation of the linear
system we used not only the continuity of the displacement
Un and its radial derivative �rUn� at r=b �as required for a
cylindrical acoustic cloak�, but also the conservation of the
bending moment and the generalized Kirchoff stress2,3 in the
radial direction through this interface. The usefulness of such
a multipole analysis has been already exemplified in Ref. 13
as being the cornerstone of 3D acoustic cloaking. Here, we
shall only emphasize that the limiting analysis �not required
in the 3D electromagnetic case since it involves Riccati-
Bessel functions that do all vanish at the origin, unlike
Bessel and Hankel functions15�, showing that the field van-
ishes inside the acoustic cloak, carries through in our case
with additional technicalities resulting from the inversion of
a larger algebraic system involving four linearly independent
equations. It turns out that a prerequisite criterion for a van-
ishing displacement �acoustic neutrality� in the disk r�a is
that the number of wavelengths in a�r�b �inside the shell
that is over a distance b−a� must be exactly the number of
wavelengths for r
b over a distance b �outside the cloak�,
which could be expected from 	1=
	0, upon inspection of
Eq. �6�. The other criterion for cloaking being that the wave
impedances must be appropriately matched at the outer
boundary r=b of the cloak, which is an additional constraint
met by the wave speed associated with material parameters
�4� and �5�.

We now turn to the numerical analysis of the field radi-
ated by a point source vibrating harmonically in the x3 direc-
tion and generating a harmonic vibration on the plate. Note
that all the lengths are in arbitrary units �e.g., mm�. This
point source is located at the point �0.5,0.5� in the vicinity of
a clamped obstacle shaped as the letter E and surrounded by
the heterogeneous orthotropic cloak, which consists of a cir-
cular coating of radii a=0.2 and b=0.4 which is centered
about the origin. Its elastic parameters are characterized by a
spatially varying scalar density � and a spatially varying
rank-2 tensor E given by Eq. �5�. Figure 1 represents the real
part of the vertical displacement U� in the presence of the
point source that is nothing but the bending waves at the
instant t=0. As expected, the vertical displacement outside
the cloak is identical to the one we obtain when the plate is
homogeneous �without any obstacle and cloak�. This shows
the efficiency of the cloaking by coordinate transformation
for this type of waves. Moreover, one can observe that the
field inside the cloaked region �central disk� is null, which is
another confirmation of the relevance of the approach.

In Fig. 2 the vertical displacement U� outside the cloak
seems to originate from a location rs�=
−1rs+a, which is
slightly shifted with respect to the real position rs of the
source �located inside the cloak itself�. This effect is similar
to the mirage effect already observed in electromagnetic
cloaks.16 In Fig. 3 the vertical displacement U� on the line
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x2=0 is shown for both a source located at rs� inside the
coating and a source shifted laterally at rs in a homogeneous
plate �i.e., without any cloak and inclusion�. The respective
positions are given in the figure caption.

In order to better illustrate the efficiency of the proposed
invisibility cloak we have computed the diffracted vibration
amplitude that is the difference between the total vibration
and the incident one. Figures 4 and 5 show the squared
modulus of the vibration amplitude in the case of the object
alone and the cloaked object. Thus one can immediately see
that the scattered field vanishes outside the cloak itself,

hence showing that the total field is identical to the incident
one as expected. The small remaining variation is inherent to
the numerical computation of the fields. Moreover, the com-
parison with the object alone allows illustrating that the scat-
tering due to the chosen object is important, and confirming
the effect of the invisibility cloak.

Note that we consider a linear model, and that the behav-
ior of the cloak does not depend on the frequency; thus, the
structure works whatever the incident field including nonhar-
monic excitation such as pulses or any superposition of vi-
brating frequencies. Of course this supposes that the ampli-
tude of vibration is such that the linear regime is ensured.
Moreover, manufacturing such an invisibility cloak would
require structuring the material to design a metamaterial that
would mimic the required properties �mass density and
Young modulus�. Actual realizations of such metamaterials

FIG. 1. Real part of the displacement field U� distribution in the
vicinity of the cloaked E-shaped rigid clamped obstacle. The source
is located at point �0.5,0.5� and its wavelength is �0=2� /	0=0.28,
which is of the same order as the inner and outer radii of the cloak:
a=0.2 and b=0.4.

FIG. 2. Real part of the displacement field U� when the source
is located inside the coating at the point �0.335,0�. The field seems
to be emitted by a shifted source located at point �0.27,0�; see also
Fig. 3 �mirage effect�.
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FIG. 3. Real part of the displacement U� along the line y=0 for
a source located inside the coating at point �0.335.0� as shown in
Fig. 2 �dashed line� and for a source located in a homogeneous plate
at point �0.27,0� �solid line�.

FIG. 4. Snapshot of the square modulus of the diffracted vibra-
tion amplitude around the uncloaked object. The light gray level
corresponds to small values of the field �vanishing� while the black
corresponds to its maximum �2�.

BRIEF REPORTS PHYSICAL REVIEW B 79, 033102 �2009�

033102-3



in electromagnetism could be found in Ref. 8 and in acous-
tics, with an example of possible structure given in Ref. 10.
A consequence of structuring the material is that the metama-
terial itself is usually dispersive, thus it becomes much more
difficult to ensure a broadband cloaking. However, we have
proposed in a recent paper a way to design cloaks that allows
us to get a significantly larger working frequency domain.11

Another consequence of structuring the metamaterial is
that the object hidden cannot be as large or as small as one
wishes with respect to the wavelength. Indeed, one has to
play with the following constraints: the characteristic size of
the structure of the material should be small with respect to

the wavelength, whereas the size of the coating itself should
not be too small with respect to the wavelength. Moreover
the manufacturing technology used adds itself its own con-
straints that should be taken into account.

In conclusion, we have studied analytically and numeri-
cally the extension of the cloaking mechanism described in
Refs. 6, 9, 13, and 14 to the domain of flexural waves propa-
gating in thin infinite elastic plates. These waves obey the
biharmonic equation so that the problem we have treated
above is neither isomorphic to the Maxwell system nor to the
acoustic case. Nevertheless, our numerical computations
based on the finite elements method proved that a rigid
clamped obstacle surrounded by a coating with anisotropic
Young modulus and a radially dependent mass density is
neutral for the bending waves generated by a point source
located in its vicinity. Moreover, we have shown that a coun-
terpart of the classical mirage effect in optics could be ob-
served for bending waves when a source is located inside the
coating.

Lastly, the required elastic parameters for this bending
cloak could be achieved through homogenization of a perfo-
rated plate displaying concentric structured layers �design
similar to the structured cloak for liquid surface waves11�
since its density need not be anisotropic. An alternative de-
sign could be based upon a generalization of the work by
Torrent and Sanchez-Dehesa10 to plate theory. We thus be-
lieve our study could have important medical applications in
isolating structures from vibrations of metallic �or nonmetal-
lic� plates. Obviously, aeronautic, ship, and car industries
could benefit from such acoustic insulations. On a larger
scale, we hope that our study will foster efforts in the control
of flexural waves in geophysics, potentially opening new vis-
tas in the design of passive antiearthquake systems.
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FIG. 5. Snapshot of the square modulus of the diffracted vibra-
tion amplitude around the cloak described in Fig. 1. The scale of
colors is the same as in Fig. 4.
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